884 V. M, Entov and R, L, Salganik

symmetry and will consist of a number of
equal sectors each of which can be mapped
on a rectangle in the hodograph plane, Thus
it is easy to obtain an approximate flow pat-
tern and stagnation zones in the isolated
regions, The outer stagnation zones surround-
ing the point at infinity are, of course, the
most interesting ones, since the stagnation
zones near the inner critical points of the
flow are small, when A is small,

The authors express their gratitude to
G, I, Barenblatt for the comments made and
Fig, 1 to L I,Eremina and T, N, Ivanova for the help
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Appearance of a secondary steady flow which is a Taylor vortex, caused by the loss of
stability of the Couette flow between the rotating (in the same direction) cylinders is
investigated using the Liapunov~Schmidt method, It is shown that the secondary soluti‘on
can be obtained in the form of a series in powers of the parameter e == (Ny, — Nge.) h
where Np, is the Reynolds® number and Ng,, denotes its critical value, First two terms
of the series are analised for two separate cases and it is established that the Taylor vor-
tex is defined uniquely with the accuracy of up to the displacement in the axial direc~
tion, Perturbation theory is used to show that at small ¢ the Taylor flow is stable with
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respect to rotationally symmetric perturbations,
Example of analysis of the torque is given at the end of the paper,

1, Statement of the problem and the results, Let a viscous incom=
pressible fluid of unit density and viscosity coefficient v , fill the space between two
concentric cylinders of radii R; and R, rotating with angular velocities Q; and ,
(2,92, > 0). We shall seek the 271/c -periodic flows parallel to the 2 -axis of the
cylinders, under the assumption that no loss of fluid occurs on the transverse direction,
Then the Navier~-Stokes equations will have a solution vy (Couette flow) whose compo-
nents will be given, in cylindrical ( r, 8, z)-coordinates, by

Vo, = Vo, = 0, ve=ar+b/r (1.1)
RQ—1 R (Q—1) _ Ry %
o=@—t b=—"g=t B=m "=g

The Couette flow is defined by the parameters Q-and R and is independent of the Rey~
nolds® number Npe == Q, f,2/v.

We shall seek a secondary flow v’ in the form v’ == vy 4 V and the corresponding
pressure p’ in the form p’ ==p, -+ p/Re,where p, is the pressure corresponding to the
flow (1, 1). Quantities v and p are given by the following Eqs, (in dimensionless vari~
ables)

14 v,
2o+ Z=0 (1.2)
v 8 ov v, vg? v
AU,——;;{---{;};’*=NR¢ {U,*&-’:-}- U:E——-:—Uzﬁf—e va] (1«3}

r r

v ay a - d
Ave— 2% = Npg [0, S 4o, 2 4 200 (S +2) v,.] (1.4)

ap 17/ ov
Av,— ZF = Nro [0, 32+ 0, 52] (1.5)
Solution Vv, p of the system (1,2)~(1, 5) must be 2m/a- periodic in 2 and satisfy the
following boundary conditions v =0 whenr=1, R (1.6)
R

\ v.(r, yrdr =0 (1.7

1

We shall astume that @ < 0 and this will imply that the flow (1, 1) is unstable at
large NRge.

Rigorous proof of the above statement, known already to Taylor (in 1924), is given in
[1, 2 and 3], Let Ny, be the least eigenvalue of the corresponding linearized problem,
It was shown in [2 and 3] that this eigenvalue is double for all a, with the exception of
a certain enumerable set (it is single in the vector subspace in which v, and u, are even
and v, is odd) and, that it represents a bifurcation point of the nonlinear problem (1,2)~
=(1.7)(see also [4 and 5]); when Ny, is almost equal to Ny,,, then the above problem
has nonzero solutions vanishing as Np, > Nye,.

Subsequent application of the Liapunov-Schmidt method makes it possible to establish
the number of small-value nonzero solutions and to investigate the spectral distribution
of the nonlinear problem,

Using the results of [6] we show, that the nonzero solution is unique up to within the
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displacement along the z-axis (two solutions are obtained in the subspace indicated
above) and, that it is an analytic function of the parameter &= (Ng, — Np )" It
exists only for N, > Np,, and is stable under the rotationally symmetric perturbations
while the Couette flow (1. 1) becomes unstable,

No general proof of the above facts exists (it can be given for the case of a narrow
gap between the cylinders ; see also analogous results obtained for the related free con-
vection problem [6—8]), The main difficulty lies in the fact that the results of [6] can
be utilized if and only if it is proved that a certain constant.g is positive (see below
[2.28]), This has not been proved for the general case but, when R and a are given,
then its correctness can be established by numerical methods while computing the second-
ary flow, An example of such a procedure is given in Section 3,

To dispel the possible. wrong impressions, we shall remind the readers that the "prin-
ciple of alteration of stability" for the case of the Couette flow and the possibility of
restricting ourselves to the rotationally symmetric perturbations (there is no analog to
the Squire’s theorem) although confirmed by experiments, have not yet received a rigo-
rous proof,

2. The Liapunov-Schmidt method, 1. Liapunov-Schmidt series,
We shall seek the solution of the problem (1,2) ~ (1, 7) in the form

v= X e, p= &P, &= (Nre— Nre)" 2.1)
k=1 k=1

Vectors v, should be solenoidal, periodic in 2, vanish at r == 1, R, their transverse
flux should be equal to zero, and they should satisfy the equations following from (1, 3) —
—(1,5) and (2, 1)

\ 3\ .
AVi— k= Niee 2 L(VuVa)t 21 L(Vmy Vo) + Kvia=fi  (2.2)

m--n=k mi-n=k—2
where the differential operators 4 and L are given for any vectors u and v symmetric
under rotation, by A = Ay— Npe.K
v v,
("‘“")l‘ = Av, —_— T:“ y (on)g = Avo —_ F 3 (A”V); = sz
- "o . dogy | Voo .
(]\ \')r =2 - Vo, (.I\V)o == (m— + 7—) v,, (]‘")z =0 (23)
I Uy?y av, v,
{L(uv)}, = — . + u’rW + U, gz

dy » ¢ P
dvg drg 2] i,

uyv
{L(u, V)}O'—"'OT" +u"—ar—+ul_a}—’ {L (u, v)}zzur(k)ri_}_ U, 55

We shall seek such solutions of (1,2) — (1. 7), for which v,and p, are even functions
and v; is an odd function of z ,and therefore we shall subject the vectors v to the same
conditions, In particular for vy, Vo and v3 we have

Av, — v p =0, Avy = pa=Npee L (vis V1) (2.4)
Avy — Vpy = Nueo [L vy, Vo) -+ L (ve, vl b Ay (2.9)
The right-hand side of (2, 2) contains only the coefficients of the expansion (2, 1)

whose indices are less than k. Therefore vy, and pn can be determined from the consecu~
tive solutions of the linear problems, For v, and py we have
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vy = P19, P1 = PiP1o (2.6)
where f§, is an independent constant and ¢, p;e represent the characteristic solution of
the following boundary value problem:

Ae--7 P =0, dive =0 (2.7)
R
¢lr=1.r=0, Swdr:O (2.8)
1
This solution is 2n/a-periodic and such, that ¢, and o are even functions, while
@, is an odd function of 2. We shall include, for definiteness, the normalizing condition

n/2a R
N

S ¢, rdrdz = - (2.9)

-nt)22 1

Let Y-and ¢ be a characteristic solution of the conjugate problem
A* —gq =0, divy =0 (2.10)
R

Vb r=0,  §w,rdr=0 2.11)

1

l 3
A¥ = Ay — Nge. K*, (K*v), = (( Vo + ’_oo) -

dr r

(K*)o=—20,,  (K*v},=0

satisfying the previous conditions of periodicity, parity and the normalizing conditions.
Then the condition that the boundary value problem (2,2) has a solution, assumes the
form [2] ar/a R
\ ivp rdrdz — (2.12)
o 1
2, Linearized problem, We shall seek the solution ¢ of the problem (2,7),

(2. 8) in the form ©r(r, 2) = @1, (r)cosaz, o (r, 2) = @9 (r) cOs az

®: (ry 2) =1, () sin @z, pyo (r, 2) =q (r)cos az (2.13)
Functions ¢, » and @o will be solutions of the following system of ordinary differen-
tial equations

(L — ) gy, = 20%A0 (r) @ia, (L — a2) gro = 2ahepy, (2.14)
dz 1 d 1 b
L=m+',—;i—,—;;, o(r)=a+ (2.15)
and will satisfy the boundary and normalizing conditions

Jo: R
== =1, R; dr =1 2.16
Prr=—r =CQuw=0 when r=1, R; @ rdr = (2-16)

1

Functions ¢;, and ¢; are given by
1 d t /dd 1 d . .

Prz = —'c—rm(rwlr)v iy = — 'd' ((’hj" - T(—l;‘ *—J‘) Pz (.217)

It was shown in [3] that for any o the problem (2, 14) — (2. 16) has a sequence of posi~
tive and simple eigenvalues 0 <C A, (&) << A; (@) << . ... Moreover, for all @ except
some enumerable set, Nres ==A; (@) is a simple eigenvalue of the problem (2, 7), (2.8).
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We shall further assume that & is not a member of the above set, Then A; (&) <<
<Ay (ma) for all natural k and m except k¥ = m =1.
We similarly obtain the solution of the conjugate system (2, 10), (2, 11) in the form

Yp (7 2) =Yy (r) cos az, Yo (r, 2) =Py (r) cos az (2.18)
Y, (r, 2) =y, (r) sinaz, g (r, z) =qo (r) cosaz
The following boundary value problem yields ¥;, (r) and {qe (r)
(B — a?)? 4, =—20% aNResis, (L — &?) P19 = ~2NRee0 ¥, (2.19)

R
d
Pyr = :h' =Pyp = 0 when r=1, R; S Yo rdr = 1 (2.20)
1
Functions ), and qo are given by
i
\plz ~ar dr (r‘plr)y qg = — — (a‘r’ + “;‘ R‘;‘ b a”) \P;_, (2.21)
3. Determination of p,. From (2,4) and (2,6) we have
AVy — gps = NgeBi L (9, ¢) (2.22)
and we seek its solution in the form
vy =B2@ + NrePi W, p; =Bapy + Nre'Bigs (2.23)

where fi, is an unknown constant while w and ¢ represent the solution of the following
boundary problem :

M, — == + 2Npee @y = 32 L L P, (r) + 5 Fa(r) cos 2az
Awy— —F — 2aNpeet, = + Fo(r) + = Fo(r)cos2az  (2.24)

Aw, = aq’ =+ LR, (r) sin 2az

1 a
,.a,.( r)+ 82——0 wr=w°=wz=0 when r=1, R

Here we utilize the following notation:

Pre® dQ,,

@
Fy(r) = ———+ ¢1r —5— — 291,01rs Fo(r)=— 10

‘P r
+ ©Or1r 1 +a¢lzqzlr~

&%&I +-o@y Py

4,y P10 ® d‘Po
+ 1 “[[;‘“ — 0Py, P8, Fo(r)= __L;J.':. + Q5 1

q’z
Fg(r) =@ ——~ 1 + ag;,?

Solution of (2, 24) has the form

Fa (r) =

w, (r, 2) =w;, (r) cos2az, we (r, z) =wee (r) + wye(r) cos 2az (2.25)
w; (r, 2) =uw,, (r) sin 2az, ¢ (r, 2) =qgo (1) + g (r) cos 20z

and the solution of the boundary value problem

(L — 40%)*w,;, = 8NRes dwirye — 202 F 3 — a0 %—5' (2.26)

d
(L—llot"') WIQ = 2aNReiwlr + ‘7“ N w" == ‘—du');!: = Wy == 0 when r= 1, R
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yields the functions w,, and w;e while for Wee, Wyzy @20 and gz we obtain

r R

_r 9 9 (P) (rr—1) R2( 910 (0) 9, (P)
”’“"75 P d""zruv—ng p

dp

1

r
1 d F
Wy, = = go= o (Fty)y 920 = S (2NRe‘ G)Woo'——zl> dp + const
i

1 d3 1 d F
an=— 3 |G+ 74 — 4o — 7] (2.27)
The system (2, 26) has a unique solution,
Indeed, as it was shown previously, N gee = A, (&), and it cannot coincide with any

of its eigenvalues A; (2a), A; (2&)... . Condition that (2, 12) has a solution for k=3
and k& =4 ,yields

Br=T=g  P=0 (2.28)
gn/a R
Ji= § (rotqrot¢rdrd: (2.29)
1
an'a Ro
Ji=Nhe § § (L(@, W)+ L(w, )14 rdrdz (2.30)

o 1

We note that if v, is sought in the form Va == @ - wa, where B is an unknown
constant and Wy, is a particular solution, orthogonal in ¢, of the corresponding inhomo-
geneous problem (2, 2), then the solvability condition implies that all f with k even,
vanish,

4, Spectral perturbation and stability. Small perturbation equation for

the Couette flow has the form 1 Au -+ Ku = — up (2.31)
Re

ou —
wWhen Nge == NRe. ,then ¢ =0 is one of the eigenvalues of the problem (2, 31),
For the supercritical Reynolds' numbers (Npe = Ngeo -} €2) the first eigenvalue o
can, in accordance with the perturbation theory, be expanded into the series
an/a I
J X3 . o o
=0+ ot 4 ..., 0 = 7% , Ja= Npge 3 S @Y rdrdz  (2.32)

0o 1

where J, is given by (2,29).
For the Taylor flow we have the following small perturbation equation:

o'u— N{m, Au + Ku + €By [L (9, u) + L(u, @)] +

+ €B2NRee [L(u, W) + L(w, u)] + ... =— g (2.33)
When the Reynolds' numbers are supercritical, the first eigenvalue ¢’ can be expanded
into G’ = 61282 + 61388 + seay 012 = — 261

and,applying the result of [6], we can formulate the following theorem,

Theorem, Let the quantities g and ¢, defined by (2,28) and (2, 32) be positive,
Then, as the Reynolds' number passes through its critical value Npee == Ay () , the
Couette flow becomes unstable, However, a new, stable steady flow appears (the Taylor
vortex), which can be represented by the Liapunov-Schmidt series (2, 1) and which is
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uniquety defined to within the displacement along the z--axis) by its wave number ¢,

Conditions of the theorem (positiveness of g and 64) have so far been verified only
for the case of a narrow gap between the cylinders and for the allied problems on con-
vection [5 — 7], In the present paper the ‘validity of these assumptions is established by
numerical methods,

8. Computation of the Taylor vortex, Let us consider the following
boundary value problem (L—a*u=f, u=0 whenr=1,R (3.1)
Its Green's function is given by
. [ D) a(p) for r<p 3.9
Gl.ﬂ (ri p) - { D—].‘pl (p)%(r) for r />/ p (' ¢ )

where

D = I, (&) K; (@R) +.1, (@aR)K; ()
Yy (r) =1, (ar) Ky (@) — I(») K, (ar)
Y2 (r) =1, (@R)K, (or) — Ky(@R), (ar)

The boundary value problem
(L—a®Pu=f u=_- =0 when =1, R

has the corresponding Green’s function G,,, (1, p). Since it is symmetrical, the expres-
sion for r >
Gy s(ry ) = {N; (ar) —'D;‘ [As (1) (r) — AL (1) ug (N} Uy P} -

where + {1 (@r) + Dt [AL (R)uy (1) — Az (R)u, ("1} uz (p) (3.9)
uy = A, (r) Iy (@r) — Ay (r) K (o), Uy = Ay (r) Iy (ar) — A, (r) Ky (27)

A =\ 1@ K @ryrar, M) =12 @) rar
1) 1

,
As(r) =S K2 @iy rdr,  Dy= AP () — Ay () Aq ()

1

is sufficient to define it,

Integrals A; (r), Az (r) and Aj (r) can be expressed in the terms of Bessel functions
(see e, g. [9], pp. 96-99).

Relations (2, 14) — (2, 16) yield R
@1 = 2Vpea? § Ga, o (r, p) 0 (0) @10 (p) pdp
' R
@10 = 20N+ | Gu, a (r, ) 9ur (0) pdp (3.4)
from which we obtain R '
P = %i\ Gs, « (7, P) 91, (0) pdp (3.5)

R

A = 4Nhoo?, Gy a(r,p) =al G «(r, ) Gy, o (s, Y0 (s)sds  (3.6)

1
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The eigenvalue and the corresponding characteristic solution of the integral equation
(3. 5) can be found using the method of consecutive approximations according to the

scheme RR -1
M = (§ § Ga. (7 0) Qarinens (0) rodpdr) (3.7)
11 R
Prrmy = ;.(,,.1)§ Gs, 2 (s P) Psrcnen (0) pdp (3.8)

Since the kemel &g« (r, p) is oscillatory [3] and the theorem on the positiveness
of its eigenvalue holds (see e, g, [10], ch, 2, Section 3), the sequences (3, 7) and (3, 8)
converge, respectively, to the smallest eigenvalue and to the eigenfunction of Eq, (3, 5),

The value of & = ¢, chosen for the computations was such, that Ny =4, (a,)=
== ming A {&t),since this case is the most interesting from the physical point of view,
Computations can, however, be performed for any value of a.

Values of the kemels G, o, Gy,q 20d (3,2 were given in the matrix form, All neces-
sary integration was performed using the Simpson, trapezoidal or rectangular rule, and
the interval of integration was divided into sixteen equal parts, The final results were
accurate to at least two or three digits, The method converged very rapidly for the
example chosen, and only six integrations were needed.

Having obtained ¢;,, we can find @0 from (3, 4), and ¢;: from (2, 17), we obtain

R

91 = — 2V 2§ - (Gava (r, 0) + 220D} 60 (0) o ) pip (37)
1

The derivative 0Ga,q (r, p)/dr and other necessary derivatives were calculated
directly in order to eliminate any errors which might have arisen during the numerical
differentiation, Tables 1 and 2 give the results of computation for two cases (R =2
and R ==1,5).

The conjugate system (2, 19),(2.20) can be replaced by the following integral equa-
tions

R
Vyr = — 2Ngee a2\ Gy, o (7, p) Y10 (p) pdp (3.10)
1
R
Y10 = — 2V § Gy, 2 (7, 0) 0 (p) ¥y, (Ppdp (3.41)
1

which yield the following expression :
R
Voo = 6Nhoro § Go, « (0, ) b0 (9) pdp (3.12)
1

From (2,21) and (3. 10) we obtain

R
o= 2Vneaa§ - [Ga ) 4 22200y (3.13)
1
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Table 1
Results of computation for the case B=2, a=3,163
Nn.,o:ﬁ?.ﬂ?, B =0.0188, 6; = 0.349
ro 9 | % P Yir | Yo ¥iz Wy, ) L) Wy,
£,0625 1 0.407R | 0.5638 ] —1.010% | 0.0451 | 0924 | ~0.42%5 | 0.00R3| —0.0R14 | 0.0052 | —0.0187
1125 | 0,358 | 00081 ~1.5182 | 04501 ] 06245 | —0.6503 | 001901 04516 | 0.0167 | —0.0327
4878 | 0.6Aa2 | 1050121 —1.6981 | 02788 D.RTIG| —0.7300 | 0.0340| 02027 | 0.0173 | —0.0415
.25 | 00126 200071 —L.4600 | 04050 | 1.05RR | —0.7006 | DIDAST| —0.2063 | 00250 | —0.0438
13125 | 14217 2.3332 [ —{.4344 [ 0.5105 | 1.1685| —0.5831 | 0.0612( —0.2195 | 0,0333 | —0.0397
1975 | 123021 2,502 —0.7180 | 0.5730 | 1.1974| ~0.4139 | 0.0705 | —0.4p61 [ 0.0417 | —0.0305
1.4375 | 1.201R | 2.6250 | —0.2806 | 0.6200 | 1.1625 | —0,2186 | 0.0750 | —0.1341 | 0.0480 | —0.0183
1.5 | 1.2473] 2.5886 |  0.1302 | 0.6160 | 4.0752| —0l1801 | 0.0745| —0l0743 | 0.0542 | —0.0053
15625 | 140417 2.4304 |  0.4805 ] 0.5661 ;1 0.97|  0.1669 | 0.0697] —0.0482 | 0,0564 0.0068
12625 | 0.9762| 2.4991 | 0.7480 | 0.5070| 0.8057| ©.3237 | 0,0612] ©0.0237 | 0.0552 | 0.0170
1.6975 | 07767 | 4,885 | 0.0(88 | 0.4104| 0.6528 )  0.4387 | 0.06% | 00510 | 0.0803 | 0.024
£.75 | 0.5625.] 1.52241 0.9335 | 0.3064| 0.5022|  0.5040 | 0.0383|  0.0G 0.0425 0.0203
8125 | 0.2540 | 1.43451  0.0053 | 014075 0.360A 0.5000 | 0.0250| 0.0860. | 0.0326 |  0.0308
1875 | 0.1758 | 0,7427| 0.785 | 0. 0.2304 | 0.4250 | 0.0143| ol041t 1 olnafs | 0.0274
19375 | 0.0488 0.4607 | 0l0282 ) 0.1112) 0.2634 ) 0.00501 00212 | 0.0104 |  0l0194
Table 2
Results of computation for the case H:==1.5, a=1¥§
Npoo = 152.4, B;=0.0060, 6, = 0,606
Pl | P | Py | Vi | Yo | Y1, | wy |t g vy,
103131 0.6%1 | 1.96421 —2.051 | 0.1262] 0.2266 | —1.2652 | 0.0007| —-0.2368 | —0.0144 | —0.008
1.0625 | 1.30201 37832 | 33106 | 0.4327| 0.7527| —2.0005 | 0.0227| —0.4273 | —0.0156] 1o.p402
1.0038 1 1.8665 | 5.3767| —3.6060 | 0.8267| 1.3000 | —2.3°0% | 0.0466] --0.5408 | 0.0027| —0l0772
1.125 | 23144 | 467501 —3.2802 | 1.2335°2.0274| —2.2760 | 0.0795| —0.5616 | 0.0303| --0.1035
1.1563 1 2.6442 | 7.6200| —2.5704 | 1.5048| 2.5434 | —1.9522 | O.4134| —0.4028 | 0.0714| —0.1107
1ARTS | 2,7537 | B.2147| —1.6200 | {.RR7T| 2.8807 [ ~1.4255 L O.44R1[ —0.3546 | 0.1172| —n.0089
1.2188 | 2.740% [ R.4180 | —0.6000 | 2.0244 | 3.0400] —0.7735 | 014712 —0.4780 | 01585 | —0l0707
£.25 1 2.5020| 8.218 1 03735 | 2.0520] 2.093%| 0,072 | 01’15 |  0.0030 | 0.487f | —o.oi2i
12813 2.3417] 7.8079 |  1.2324 | .9543] 2.7695| O0.G0GY | 0.4587| 04581 | 0.19%0 |  0.0173
$.3125) 202227 7.0780 | 1.0034 | 1.7358) 240141  1.1050 | 0.555| 0.2002 | 0,103 | 0l0497
1,338 1.6002| 6.1372] 2346 | 1.4300) 10928  1.6360 | 0.4262] o037 | o078 0.0
£.375. | 1.300%] 50808  2.52{0 | 1.0680 1.41301  48R(Y | 0071} 0.330% | 0.426|  0.0783
£.4083 ] 0,0450 | 3.8305| 24038 | 0.6016] 0.8907| 1.8778 | 0.0875| 0.287% | 0.i00]| 00847
1.6375| 0.6100 | 2.5764 |  £,9720 | 03504 | 0.4480|  1.592{ | 0.0383| 0.2005 | 0.0726| 607
0.2060 | 1:268711  1.1800 | 0. 0.12531 0.0819 | 0.0138| oltope | 0.03i51 o0.0427
The conjugate problem can be solved using the method given above, and the results
are given in the Tables 1 and 2,
From (2, 26)  we obtain the following expressions for wy, and wye (3.14)
= 8Nno-a°g Ga, 91 (r, p) 0 (p) wropdp — S G, 2a(r, p) [Za”l’ yta ] pdp
1
R
o = 205§ Go1a(r, )01, 60+ § Guna ) P (P1pd0 (319
and R 1
» 3 .
wy, = p .\ Gs, 22(ry p) wr,0dp + F (r), p = 16 Nreeot? (3.16)
1
R R
2
F(r) = 8N2oa® § Goaa(ry ) Fu(p)pdp— | G2 (7, 0) [232Fs + a %22 ] odp
1

f ey
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Inhomogeneous integral equation (3, 16) is solved by the method of consecutive appro-
ximations which converges, if B << [t; (i1 ds the

® smallest eigenvalue of the kemnel G,,3,). This con-
o2 |  dition is fulfilled if @ is sufficiently near o, and
R4 for any & > a, . Indeed, in this case we have

- W/ =MYa)/A? (20) <1
v - In particular, when a==a, , B/} = /4 and the

& / method converges exceptionally well, Taking
g0 f o Wir) = F (r) for the null approximation, we
obtain the desired result already on the twelfth
iteration,
o 7 0 e 0 Function W,y is obtained from (3, 15), while

Fig, 1 (2.27) and (3, 14) together yield

G

170

W, =— [('2' s (ry P) + r__:“_(_p)_ %
X (SNR‘\,’ a"‘wwlo —_— 2@21"2 -0 7[)—) pdp

Function W, together with the constants B, and G; are obtained by numerical inte-
gration using Formulas (2, 27) — (2, 30) and (2, 32).

Tables 1 and 2 give the results of the computations, Fig.2 and 3 show the components
of v, and v, as functions of the radius,
and the stream function of the Taylor

o “% / \ O vortex,
o U b

/N // \\ N [ J

TN U A W
LN L L A "

/ 2 /\/~/ 2 " 2 /
’

z@a‘\ - / df.oa; ST A 71.5
’ \:JA ”/@ . /

-202
/ 2 r 01,
Fig, 2 Fig, 3

Components of the vector ¢, where ¢; = {91+ P1ov @) are shown with solid lines,
components of the vector B.* Npes W) Where wy = (W), Wyg, w,). aTE shown with dashed
lines and the function f;* Ngestgs by the dot-dash line,

4, Evaluation of the torque,., The torque due to the viscous forces acting
on the inner ¢ylinder is given by



894 $. N, Ovchinnikova and V, I, Iudovich

G__Zanhpv? N et doy Yy
T Ry —1It; Re 3 dr 1

4
- dz (4.1)
where % is the length of the cylinder, Inserting the expansion (2, 1) into (4, 1) we obtain
the expression for (7 in the form of a series in powers of &2 = /N — Ny
G =G, + &G, + &'G, + . . . (4.2)
Thus the formation of the Taylor vortices leads to the appearance of an angular point
on the graph of the function G =G (NRe)-
Results of the computation of the viscous torque for 4 == 5cm, v = 0.1226 cm®sec™1,
and p = 0.8404cm™3. For £t == 2 and « == 3.163 we have
G TITH - 106 et -} L. (4.4
while for # - 1.5 and « -- i , we have
G AU |- BAB e - L
Fig. 1 shows the comparison of the values of the torque calculated according to (4, 3),
with the results of Donnelly and Simon [11] and the approximate values obtained by
Davey in [12], Solid line is used to plot the viscous torque for the Couette flow, broken
line shows the results of Davey and the dot-dash line denotes the results of the present
paper, Experimental values obtained by Donnelly and Simon are denoted by crosses, It
should be noted that a good agreement with the experimental data is obtained over an
unexpectedly wide interval of the Reynolds’ numbers, and in any case, for Ny, < 120.
This confirms, that the terms neglected in (4, 3) were small, Presumably, even the appear-
ance of the azimuthal waves resulting from the instability of the Taylor vortex, does not
affect the torque to any significant degree,
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